This paper proposes a new method for the identification of boundary forces (shear force or bending moment) in a beam, based on displacement measurements. The problem is considered in terms of the determination of the boundary spatial derivatives of transverse displacements. By assuming the displacement fields to be approximated by Taylor expansions in a domain close to the boundaries, the spatial derivatives can be estimated using specific point-wise derivative estimators. This approach makes it possible to extract the derivatives using a weighted spatial integration of the displacement field. Following the theoretical description, numerical simulations made with exact and noisy data are used to determine the relationship between the size of the integration domain and the wavelength of the vibrations. The simulations also highlight the self-regularization of the technique. Experimental measurements demonstrate the feasibility and accuracy of the proposed method.
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Introduction
Source characterization is a major issue in the analysis of structural vibrations. In many vibro-acoustic problems, structures are excited by their boundaries. The identification of boundary forces (such as shear forces or bending moments in beam-like structures) is not straightforward, because these physical quantities are not readily accessible and sensors can rarely be positioned at suitable locations. From a more general point of view, the identification of these forces/sources provides information related to the type of vibration generated. They make it possible to: analyse stress inside the structure, describe how vibration energy propagates, through the use of structural intensity calculations [1] , [2] , and localize external forces applied to the structure.
Force localisation and estimation is a wide subject. A lot approaches exist. These approaches include transfer-function-based methods [3] , numerical model-based methods [4] , modal analysis [5] , methods using discretised differential motion equation [6] , [7] , [8] , [9] , or using an operator obtained with the Finite Element Method [10] , etc... An interesting review of certain methods is proposed in [11] . Even if many force identification methods exist, few allow to identify boundary forces. Indeed, methods using discretized differential motion equation, which are very successful in a lot of applications, cannot be applied at structure boundaries. This is due to the fact that it is difficult to approximate the derivatives of a quantity, when this quantity is defined on only one side of a point of interest. The techniques described above are therefore unsatisfactory. The use of the annihilator operator, as proposed in this work, avoids this drawback during the derivative estimation step, which is a necessary step for this kind of approach. Other approaches as transfer-function-based [3] or transmissibility-function-based methods [12] work well if a measurement is located at the point where the force has to be estimated. This can be an important drawback. Indeed, the displacements measured at a structure's boundaries contain the highest levels of error, because the structure's absolute displacements are often very small at these locations, i.e. the signal-to-noise ratio is relatively low. Measurement errors in the vicinity of a structure's boundaries generally lead to large variations in the estimation of the boundary forces.
The goal of the technique proposed in the present study is to identify shear forces and/or bending moments at any point in a structure, in particular at its edges, where such forces can in some cases be associated with the sources. Few force identification methods focus on the boundaries. In the literature, boundary condition identification is a topic that is usually treated independently to sources identification.
Many methods for boundary conditions identification use Finite Element Approach. The general procedure is to apply idealized constraints or to make use of previous experience in modelling apparently similar boundaries. Boundary conditions may be determined by using conventional identification or updating methods [13] . In many cases, for this kind of inverse problems, measurement errors and ill-conditioning lead to unsatisfactory estimates of the spatial model by the equation error method [14] , [15] , [16] . Indeed measurement errors at the boundaries produce large variations in estimates of boundary parameters. One of the most popular methods in the determination of boundary parameters is the sensitivity method [17] ; the difference between model predictions and test observations is defined using linearised first order sensitivities. Another approach [18] considers a method for the identification of structural boundary conditions which relies on the measured natural frequencies of the structure. From an another point of view, identification of boundary condition can be linked to the estimation of the boundary spatial derivatives.
If the spatial derivatives of the structural displacements are known, they can be used to determine these shear forces and/or bending moments. One derivative approximation technique involves the use of finite difference schemes [6] , [8] , spatial Fourier transforms [7] , and modal expansions [19] . The major difficulty with this type of approach is that derivation amplifies the influence of noise in the recorded data, and the higher the order of the derivative, the greater the sensitivity of spatial derivatives to measurement errors. It is thus not possible to use such techniques, since they are, and must include, regularization developments, such as wave number filtering [8] , modal truncation [19] , regularization techniques [10] which require the adjustment of regularization parameters. To estimate derivatives, some approaches present a natural regularizing aspect using an integral formulation for boundary characterization [20] [21] [22] [23], using polynomial approximation for damage detection [24] , via operational calculus allowing algebraic derivative [23] [25] [26] or based on a least square approximation [27] [28] . This kind of differentiation by integration methods allows an accurate and robust estimation of the derivative. The approach developed for temporal signals in [23] is used and adapted in the method detailed in this paper. Since boundary forces are proportional to the spatial derivatives of the structure's displacements, these approaches can be helpful to estimate these forces. But their quantification remains highly sensitive to uncertainties, especially at the boundaries, when post-processing techniques are applied.
To summarise, as for the force identification methods, two major difficulties are encountered when determining these spatial derivatives: they are highly sensitive to measurement uncertainties, and are difficult to measure at the structure's boundaries. The boundaries are often the transmission routes for vibrations, and measurements made at these points are also a major issue in terms of source identification.
It is known that classical characterization methods which use finite difference techniques are not suitable at boundaries. In [20] , the spatial derivatives of a beam were determined using a weak form of the equation of motion. The principle consists in multiplying the equation of motion by a specific test function, and then integrating the resulting product by means of several successive integrations by parts. This approach allows the shear force (third spatial derivative) and/or the bending moment (second spatial derivative) to be extracted at one boundary of the integration 2014 domain. The integration is carried out using discretization, in which the displacements are measured with classical point sensors such as accelerometers, laser vibrometers, etc. The main drawback of this technique is the need to measure a spatial domain, which contains at least one wavelength at the angular frequency under consideration. An extension of this technique to the analysis of a plate structure presenting the same characteristics has also been proposed [21] . This approach was recently implemented directly, through the use of a distributed PVDF sensor. Since the output of a piezoelectric sensor corresponds to the weighted average of the surface strains in the region covered by the sensor electrodes, discrete integral calculations are not needed [22] .
The method presented in the present paper is based on a numerical differentiation technique proposed by Mboup [23] , which was initially developed to handle the case of temporal signals involving a very large number of data-points. This approach has been adapted to the case of structural vibrations, and modified to allow the derivatives to be estimated through the use of iterative integrals of the spatial displacement. The resulting estimation of a structure's spatial derivatives allows its boundary forces to be identified. This novel approach to the physics of the problem has an impact on the method's accuracy. Various limitations, such as the relationship between the size of the integration domain, the vibration wavelengths, sensitivity to noise, and the order of the Taylor expansion on which the approach is based, are identified. The first section of this paper describes the theory of the proposed method. The second section makes use of numerical simulations to evaluate its advantages and drawbacks. The last section describes the experimental validation of this technique, in the case of boundary shear force identification.
Theory 2.1 System equations
In this paper, the transverse vibrations of a beam are modelled using the standard Euler-Bernoulli theory for flexural motion. Harmonic oscillations are considered:
where v(x) is the transverse displacement and ω is the angular frequency. For the sake of clarity, the time dependence e jωt is simplified in the following. The equation of motion can thus be written as follows:
where E is the complex Young's modulus, I is the flexural inertia, ρ is the mass density, S is the cross-section of the beam and F (x) is the excitation.
The boundary forces identified in the present study can be computed using the spatial derivatives of v(x):
where T (x) is the shear force and M (x) is the bending moment.
Estimation of the boundary forces

Exact displacements
It is known from beam theory [29] that transverse displacements verify Eq. (2) and can be written as the sum of two propagative and two evanescent bending waves on the left and right sides of the excitation point:
where
k is the natural wave number, satisfying the dispersion equation:
and
, C 2 , and D 2 are the wave amplitudes. These must be computed in order to satisfy boundary and continuity conditions at x = 0, x = x f and x = L.
Displacement approximation
The first step in this approach is to consider that in a domain Ω = [0,
x Ω ] (with x Ω < x f ), the exact solutions (4) can be approximated by a truncation of the Taylor series expansion of the displacements. Assuming v(x) to be an analytic function over Ω, it can be approximated by:
where N is the truncation number. Fig.1 illustrates this notion and its limitations for the first flexural mode of a simply supported beam, with N=3, N=5 and N=7. For the purposes of simplicity, the modes are normalized such that the maximum amplitude is equal to 1. In the following examples, the proposed method is presented using these 3 truncation values, thereby illustrating the dependence of the computed approximation on this parameter. This figure contains various types of information. As could be expected, the greater the value of N , the more accurate the approximation. The approximation can nevertheless be accurate, whatever the truncation numbers is, if a small domain close to the boundary is considered. Although Ω includes the whole beam in this example, in practice this is not a good choice: it can be difficult to measure physical parameters over the whole structure, and at higher frequencies the Taylor approximation is clearly inaccurate (even with N = 7), as shown in Fig. 2 for the 2 nd vibration mode.
It has been shown in previous studies ( [20] ) that with this type of integral technique, the key parameter is not simply the angular frequency or the size of the domain Ω, but rather the number of wavelengths contained in the domain Ω.
Since a smaller number of wavelengths is present in Ω when the size of this domain is reduced, the accuracy of the Taylor series approximation is improved. The most well-adapted representations use the number of wavelengths included in Ω, as shown Fig. 3 , which do not depend on the size of Ω, nor on ω (the angular frequency of the excitation): under such circumstances, the accuracy of the identification is related directly to the number of wavelengths present in the domain Ω. Fig. 4 illustrates the difference between the signal and its truncated Taylor expansion, in a domain limited to one half wavelength. The Taylor series approximation can be seen to deviate from the exact solution at λ/4 when N = 3, at 3λ/8 when N = 5, and at λ/2 when N = 7. It illustrates also the interest to use the number of wavelength in the considered domain (Fig.1) or to half of the beam at its second natural frequency (Fig.2 ).
Derivative estimation
It has been shown that, through the use of an algebraic approach, a Taylor series expansion (6) can be used to numerically differentiate a quantity of interest [23] . This process can be summarised as follows: In the Laplace domain, (6) can be written:
where v (i) (x) is the i th derivative of the beam's displacement at the coordinate x. In order to identify the boundary shear force, the third spatial derivative at x = 0, which is v (3) (0) in the Laplace domain, needs to be estimated. All of the terms v (p) (0) in the expansion, for which p = 3, should thus be rejected. This can be achieved by applying various derivations or multiplications with the Laplace variable s. This operator is referred to as the 'annihilator' [23] . With standard finite element methods, an EulerBernoulli beam element is described by a third order polynomial function. In order to be coherent with the represented physical phenomenon, and to be able to compute the function's third derivative, a truncation number N ≥ 3 has to be chosen. This method is illustrated in the following example, using N = 3. If both sides of expression (7) are multiplied by the annihilator Π, defined as:
(7) then becomes:
This can be re-written in the spatial domain as: 2014
where A is the length of the integration domain, defined by Ω = [0; A], and (α) is the iterated integral of order α.
The Cauchy formula can be used to transform this iterated integral into a simple one, giving:
Expression (10) can thus be written as:
(12) The integral expression (12) can be used to estimate the third derivative of the displacements, and has the substantial advantage of being based on integral calculations, thus making it potentially less sensitive to measurement noise.
As previously shown, when the truncation number N used for the Taylor approximation is increased, the accuracy of the approximation v N (x) is improved. The third derivative can by computed using a longer Taylor expansion, and ∂ 3 v N ∂x 3 (0) can be computed as: (13) where P N (x) are the polynomial functions given in Appendix A, for N =3, 5 and 7.
Analytical results
Three main sources of error are naturally present in this method:
• the influence of the truncation number N corresponding to the displacement approximations.
• the influence of discretization of the integral (13), when using discrete measurement points.
• the influence of the noise present in the input data, corresponding to measurement uncertainties. The aim of the present section is to identify the influence of the truncation number N on identification, in the absence of errors arising from discretization of the integral, or noise on the measured displacements.
The displacements are computed analytically using Maple software, according to expression (4) for the case of the cantilever beam shown in Fig. 5 . The integral of expression (13) is also computed analytically. Fig.6 shows the estimated shear force at the boundary x = 0, computed using three different Taylor series expansions (N = 3, 5 and 7), expressed as a function of the number of wavelengths in the integration domain. Fig.7 shows (on a logarithmic scale) the corresponding relative identification error, given by the ratio between the identified and exact values.
It should be noted that the same representation is used, whatever the frequency (see [20] ). By comparing Fig.4 with Fig.7 , it can be seen that the identification error is directly related to the error in the truncated Taylor series expansion. The identification is correct for A < λ/4 when N = 3, for A < 3λ/8 when N = 5, and for A < λ/2 when N = 7 (A being the size of the integration domain Ω). These values are similar to those observed in Fig. 4 and appear to be appropriate limits for the selection of the order of the polynomial test function P N (x). Although a more accurate estimation is achieved for greater values of N , when the analytical expression is used in the absence of noise, it is shown in the following section that the estimation's robustness with respect to noise follows a different pattern.
It should be noted that neither the structural parameters of the beam, 
Numerical Simulations
In practice, displacements must be measured at distinct locations, and the integral (13) must be discretized. This is one of the approximations associated with the present method, even when theoretically exact displacements are used. When the displacements are measured, the measurement uncertainties introduce additional errors into the identification.
Numerical integration
Various numerical techniques can be used to discretize an integral. In [20] or [21] , the trapezoidal method was studied for similar problems, but was found to be highly sensitive to measurement noise. This technique thus requires too many measurement points to be of any practical interest in the case of the present study. The Gauss-Legendre method is known to be exact when integrating polynomial functions if the discretization uses a sufficiently large number of points. In the general case, the integral approximation can be written:
where f (x) is the function to be integrated, n is the number of points used, and W i are the weights applied to each of these points x i . In practice, the Gauss-Legendre method has the advantage of producing a better approximation, but requires the implementation of an accurate, irregular mesh. Moreover, this method does not necessitate the knowledge of the function's value at the boundaries. This can be an advantage when it is not possible to make measurements at the boundaries of the beam. It is known that an n-point Gaussian quadrature integral yields an exact result for polynomials of degree 2n − 1 or less. This approach appears to be naturally more suitable for the analysis of the present problem. In fact, N is the truncation parameter of the Taylor expansion, but is also the degree of the weight function P N (x). Consequently, Eq. (13) can be thought of as the integral of a polynomial function of degree 2N . The Gauss-Legendre integration is used in the analyses presented in the following.
Influence of noise
The aim of this section is to demonstrate the influence of noisy displacements (which can be expected when using experimental data) on the reconstructed shear force, and to show that this method is not characterized by the usual instabilities of inverse problems. The case studied here is based on that used in the previous section (Fig. 5 ), but noise has been added to the input data. In order to take these errors into account, and to illustrate their influence on the method, the integral (13) is computed using noisy displacements. The displacement noise is of the form:
where ∆v m is a real random number (with a Gaussian distribution) having a mean value equal to unity and a standard deviation equal to 1/100 x the magnitude of the displacement. ∆φ is another Gaussian real random number having a zero mean value and a standard deviation equal to 1 deg. This type of noise is representative of the measurement accuracy. The simulations use only 8 Gaussian integration points. With this number of points, the Gauss-Legendre integration is theoretically exact for the integration of a 15 degree polynomial function. This number was chosen with respect to Eq. (13) . The highest degree polynomial test function presented in this study is N = 7, also implying the use of a 7 th degree Taylor expansion, and leading to a globally 14 th degree function to be integrated. As a consequence, the errors are not directly related to a problem of discretization. Fig.8 shows the shear forces at the boundary x = 0, estimated using noisy , as a function of the number of wavelengths in the integration domain. Fig.9 shows, on a logarithmic scale, the resulting relative error of the identification. These figures show that for a small number of wavelengths in the integration domain, the method becomes more sensitive for greater values of N . In the case of a small value of N (N = 3), the polynomial function Relative error (dB) on the boundary shear force estimation, using various truncation numbers and their corresponding test functions (noisy data).
is smooth (see annex) and acts like a low pass filter, thereby reducing the influence of noise. When N increases, the polynomial's natural ability to filter noise appears to be shifted towards slightly higher wave numbers. As a consequence, the choice of the correct parameter N and its associated test function P N (x) results from a compromise between a good Taylor series approximation and an adequate filtering capability. In Fig.  9 , the vertical dotted lines (set at 0.4 and 0.9 wavelengths) provide an approximate indication of the regions in which it is recommended to use each of the three polynomial functions, in order to obtain a global error below 3dB. These choices were applied to the reconstruction of shear forces in the cantilever beam, using each of the 3 polynomial functions over various ranges. As the limits are not accurately defined, basic weight functions were designed, as shown in Fig. 10 . These weights were applied directly to the spectrum of Fig. 8 , to reconstruct the new estimation shown in Fig.  11 . The simulation is accurate over the observed range of frequencies. It should be noted that for a higher number of wavelengths, the estimation is necessarily inaccurate, since the method is based on the fact that the displacement field can be approximated by a limited Taylor series expansion. 
Experimental validation 4.1 Experimental setup
Various experiments were carried out, in order to validate the proposed method with measured displacements, in the case of shear force identifications. A Gauss-Legendre integration was implemented, using 8 points in
Indeterminate boundary condition
Shaker
Measurement area 25cm
Clamped force sensor Figure 12 : Experimental setup a 25 cm domain. The beam was aligned vertically, attached at its upper end, and excited by a shaker at a point outside the measurement area (see Fig. 12 ). All displacements were measured with a laser vibrometer and random band excitation was used to study the reconstruction over a wide range of frequencies. As the method is local, the quality of the boundary fixation and location of the shaker (outside the measured domain Ω) had no influence on the results. A force sensor was placed at the lower boundary, between the beam and a rigid support. This measurement, corresponding to the identified boundary shear force, was used as a reference. The beam was made of steel, and its dimensions were: width l = 5cm, height h = 0.5cm.
Results
Displacement field measurement and design of the weight function W
In order to estimate the forces over a large range of frequencies, the first step involves defining frequency limits and appropriate weight functions W. Simulations showed that these limits could be set at approximately 2014 0.4 NoWID and 0.9 NoWID (see Fig. 10 ). These limits can be found in terms of frequencies when looking at the shape of the displacement fields. At 190Hz and 1100Hz (see Figs.13 and 14) the displacement fields using 8 Gauss points correspond to these criteria. In practice, these limits are not exact, and can vary slightly. Due to the proximity of the boundary, the analytical wavelength (Eq.5) is not repre-sentative of the observed shapes, and this parameter had to be chosen by observing the displacement field as done previously. The cutoff frequencies of the weight functions W were simply computed by adding or removing 10% of the chosen frequency limits. These weight functions are equal to 1 in the frequency range of interest. At the cutoff frequency, they linearly decrease until zero, and are equals to 0.5 when crossing the chosen frequency limits identified in Fig.13 and 14 . Fig. 15 shows these 3 weight functions. Figs. 16 and 17 show the amplitude and phase of the reconstructed shear forces, which are compared with the reference measurements. As predicted by the simulations, the amplitude and phase are very close to the values given by the reference sensor over the observed range of frequencies. The estimations given by independent test functions can be found in the annex. The small differences observed in Figs. 16 and 17 can be explained by the fact that the reference sensor does not only measure the shear force from the Euler Bernoulli theory. Indeed, due to the presence of this sensor, a point force is created at the location where the Saint Venants principle is not locally respected. Differences also appear at frequencies for which the test function is shifted. These are due mainly to a loss of phase information in the estimated complex frequency response function. 
Conclusion and discussions
This paper shows that the identification of boundary forces can be understood in terms of the determination of boundary spatial derivatives of transverse displacements. It is proposed to approximate the displacements in the vicinity of the boundary by Taylor series expansions, thus allowing the spatial derivatives to be estimated using specific point-wise derivative estimators. This approach makes it possible to extract these quantities through the use of a weighted spatial integration of the displacement field. Numerical simulations using exact and noisy data have revealed the relationship between the size of the integration domain, wavelength, and noise sensitivity, allowing an appropriate truncation order to be selected. Experimental measurements have demonstrated the feasibility and accuracy of the proposed method.
In comparison with others force identification methods, the proposed approach presents some drawbacks. The use of Gauss points to discretize and to estimate integral (13) can appear as a difficult task. The location of each measurement point has to be as accurate as possible. Depending on the measurement set up, it can be time consuming. But, nowadays, the use of technologies like scanning vibrometer makes this part easy and fast. The point coordinates are automatically generated and the measurement points are very accurately located. Nevertheless the different points are not measured simultaneously and real time estimation of the boundary forces is not allowed with this technology. The main limitation of the proposed approach is the fact that frequency range is directly linked to the size of the measurement domain and the truncation order used for the Taylor expansion estimation. Compared to numerical model-based methods as [4] , the main advantage of the proposed approach is its local aspect. No global measurement is needed, only a few number of point near the boundary is required. The only restriction is that the equation of motion (2) (leading to eqs (3)) has to be verified inside the measurement domain Ω. Another advantage is that there is no particular equation to solve or a regularization step to tune after the measurement step (contrary to [16] or [18] ). Some simple weights have to be applied at each measurement points to obtain directly an estimation of the boundary forces. We remind that these weights are associated to Gauss points or to the weight functions W linked to the truncation order used for the Taylor expansion estimation. From this standpoint the approach is simple to apply. using various test functions without weights. The measured behaviour can be seen to be very similar to that determined by simulation. At low frequencies, a high value of N leads to a greater sensitivity to noise. As the frequency increases, the term N at which the Taylor series expansion is truncated also needs to be increased, in order to maintain the accuracy of the estimation.
C Amplitude reconstruction using 15 Gauss integration points
In order to test the proposed method, an additional experiment was carried out using 15 Gauss integration points. With this number of points, improved reconstruction quality could be expected. Fig. C.3 shows the amplitude spectra given by the reference force sensor, together with the boundary shear force estimations determined using 15 integration points. The same truncation numbers N and the same weight function W were used. The reconstruction is plotted over a larger frequency range ([0-3200] Hz, rather than [0-1600]Hz). At approximately 1800 Hz, the number of wavelengths included in the integration domain Ω exceeds 1.5. At this frequency, the Taylor series approximation is no longer valid and the estimation would theoretically be incorrect. The spectra shown in Fig. C.3 confirm this theoretical consideration, as well as the observations done in the simulations. In order to improve the results at such frequencies, the value of N and the number of measurement points should be increased. This modification Table 1 : Locations and the weights of the Gauss points for N=8 on a 25 cm length domain should however be accompanied by measurements characterised by a very low level of noise, since a higher truncation number implies an increase in noise sensitivity.
D Gauss points locations and weight
The tables 1 and 2 give the locations and the weights of the Gauss points for N=8 and N=25, on a 25 cm length domain. Table 2 : Locations and the weights of the Gauss points for N=15 on a 25 cm length domain
